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1. INTRODUCTION 
In this paper we consider second-order linear partial differential 
equations of normal hyperbolic type in n 2 3 independent variables 
(xl,..., x”) with C” coefficients: 
P(u)= Eius (a,Vu)+bu=O. (1.1) 
Here 0 denotes the d’Alembertian with respect to a pseudo-Riemannian 
metric (&i) of signature (+, - ,..., - ), i.e., Uu z lgl ~~“2(a/~x’) 
(I gl ‘I2 gg(&/dxj)), g = det( gV), (go) - ( gU) ~ I; a is a C” vector field, u is the 
gradient of unknown function u and b is a C” function; ( , ) denotes the 
inner product with respect to this metric. 
The considerations in the present paper will be purely local and C”. The 
summation convention will be used throughout. 
Let G&(x, y) be the forward (+ ) and the backward (- ) elementary 
solutions of Eq. ( 1.1) at y, which are uniquely determined by a causal con- 
dition [2, pp. 240, 2481. Let C’(y) denote the forward (+) and the 
backward (- ) characteristic conoids with vertex y. Equation (1.1) is said 
to be a Huygens equation or to satisfy Huygens’ principle if, at any pointy, 
the supports of G f (x, y) are contained in C’(y) with respective signs. (For 
Huygens’ principle, refer to [4]). 
We next define spherical waves as in Courant [l, p. 7631. Let n be a 
time-like curve: x = y(t), (dy/dt, dy/dt ) > 0. For given x, we may determine 
t = T,(x) in the following way: y(T+ (x)) = C”(x) n /i. A family of out- 
going spherical waves of order N issuing from n is defined as a solution of 
Eq. ( 1.1 ), defined outside /i, in the form 
u(x) = f g,(x) IV--I)( T-(x)), (1.2) 
i=O 
with specific gi, go #O, which are C” function in the neighborhood of A 
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with n itself excluded, and arbitrary W. A family of incoming spherical 
waves is defined similarly using T+(x). 
Now we state our main results. 
THEOREM 1. Eq. (1.1) has families of outgoing and incoming spherical 
waves of some order for arbitrary time-like curves if and only if the equation 
is Huygens. 
THEOREM 2. Huygens equations in n 16 variables do not have a family of 
outgoing nor incoming spherical waves of order zero for any time-like curve. 
These theorems answer virtually in the affirmative a conjecture of 
Courant [ 1, p. 7631, which states that families of spherical waves of order 
zero for arbitrary time-like curves exist only in the case of two and four 
variables, and then only if the differential equation is equivalent by trivial 
transformations to ordinary wave equation. Here trivial transformations 
consist of, by definition, coordinate transformation, multiplication of the 
unknown function by a non-vanishing function and multiplication of the 
equation by a non-vanishing function. Two equations related by trivial 
transformations are said to be equivalent. Note that there do exist Huygens 
equations in every even dimension which are not equivalent to ordinary 
wave equations [3, 51. 
Remark. The case n = 2 is exceptional. There do not exist Huygens 
equations in two variables but the equation &/ax’ 8x2 = 0 has families of 
outgoing and incoming spherical waves of order zero for arbitrary time-like 
curves. 
2. PRELIMINARIES 
We start with a review of the representation formulas of the solutions for 
the Cauchy problem of Eq. (1.1) following Friedlander [2, pp. 240, 25 11. 
Let D*(y) and J’(y) denote the interiors of C*(y) and their closures, 
respectively. Let T(x, y) denote the square of the geodesic distance of x and 
y. There exists a unique elementary solution G + (x, y) of Eq. (1.1) whose 
support is contained in J+(y). If n = 2m + 2, m > 1, then G+(x, y) has the 
following form: 
G+hL.)=& ~~'U*(x,y)d(+m-h~l)(r(~,y))+~+(x,y) 
h=O 
where U,, are C” functions of (x, y), V+(x, y) E Cm( { (x, y); XE J+( y)}) 
and V+ = 0 for x $ J+(y). Note that U0 is normalized so that U,( y, y) = 1. 
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For definition of By)(Z(x, y)), see [2, pp. 229-2331. It will suffice to note 
that if f(x) is a Cm function with compact support and y 4 suppf, then 
(2.1) 
where C,’ = (x; x E D + ( y ), Z’(x, y) = E > 0 } and ,u~ is a Leray form such 
that d,f(x, y) A p,-=p, p denoting the invariant volume element with 
respect to the metric (gij). If n = 2m + 1, m 2 1, then 
1 
G+(x, Y) =- W+(x, Y) r+(x, Y)~‘~-~ 
where W+ is a C” function of (x, y). For definition of Z+(X,~)“‘-~, see 
[2, pp. 229-2331. 
Let S be a space-like initial hypersurface and denote S n D-(x) by S,. 
For even n, n = 2m + 2, m 3 1, the solution of the forward Cauchy 
problem is given by 
u(x) = u’(x) + u2(x), (2.2) 
where 
u’W=&j * (v+vu - uvv+ + aV+u), & (2.3) 
with V+ = V’(x, y), * denoting the star operator. u2(x) is a term which 
depends only on the initial data in an arbitrary small neighbourhood of 
Sn C-(x), whose precise form will not be used. 
For odd n, we have 
4x) = f’fjsx * (G+k Y) WY) - 4~) VG+(x, Y) + 4~) 4~) G+(x, Y)), 
(2.4) 
where Pf denotes the finite part of divergent integral. Note that if the sup- 
ports of the initial data do not meet Sn C-(x), then we may drop the 
symbol Pf as the integral over S, actually converges. 
Next we prepare some lemmas. Let A be a time-like curve: x = y(t), t E Z, 
I= (t,, f2), and let T,(x) be as in Section 1. From now on we omit the 
subscripts &- except where it is needed for clarity. 
LEMMA 1. Equation (1.1) has a family of outgoing or incoming spherical 
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waves of order Nfor A in the form (1.2) if and only if gi satisfies the follow- 
ing equations: 
2W, Vgo) + Kg,, = 0, (2.5) 
2(vT,vgi)+kgi=-p(g,-,), i = l,..., N, (2.6) 
Pk,) = 0, (2.7) 
where KS OT+ (a,VT>. 
LEMMA 2. 
am, r(t)) aT 
axi = Pk t)l I= T(x) 29 
(2.8) 
f = T(x) 
PC6 t)= - v,m y(t)), 2 . ( > (2.9) 
Proof of these lemmas are easy and omitted. We denote p(x, t)l I = rCxj by 
p(x). Here it should be noted that we understand p(x) and g,(X) to be 
abbreviated forms of p+(x) and ( gi) + (x) with the same respective signs as - 
those of T,(x). 
LEMMA 3. 
Ux, y(W))) = 0, (2.10) 
<vm Y(f)), VW, y(t)) > I2 = T(x) = 07 (2.11) 
(Vr(x, y(f)), VT)l,= T(X) = 0, (2.12) 
(VT, VT) = 0. (2.13) 
Proof. (2.10) is nothing but the definition of T(x). (2.11), (2.12) and 
(2.13) follow at once from the formula (VI’, VT) = 4T [2, p. 171 and 
(2.10). 
LEMMA 4. go(x) satisfies the following equation: 
2(V~(x,Y(t)),Vg,)I,,,(,,+M(x)g,=o, 
where 
M(x) = q Q, r(l)) + (VTb, r(t)), a> 
-$ <vm r(t)), VP >, 
(2.14) 
(2.15) 
with t = T(x) substituting after dzyferentiation. 
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Proof: From (2.5) and (2.8) it follows that 
2<vm Y(f)), %LJ,=,x)+P&o=o. 
Differentiating (2.8) yields 
POT+ <VT, VP> = Or@, ~Wlr=~(x,- W’(x), VP@, t))l,=.(,). 
Hence we have 
Since (VT(x, y(t)), VT) I, = r(Xj = 0, we get 
This gives the desired result. 
We next introduce special coordinate systems in the neighborhood of 
A: x = y(t), t E Z, where A itself is excluded. From now on we assume, 
without loss of generality, that g” # 0. Let 5 = (t2,..., 5”) be a unit vector in 
R”-‘. Let c1 = <‘,(x, 5) be determined by gii(x) t’<j=O, 5:(x, 5)s 
l\(x, t). Consider the equations of the geodesics in the canonical form: 
(2.16) 
Let x + (t, r, 5) (resp. x- (t, r, 5)) be the unique solution of (2.16) for the 
initial data 
Xilr=O=Yi(t), Pilr=O=gij5jy (2.17) 
where t’=t’+(y(t), 5) (resp. <‘(y(t), t)). Let J be an open interval: 
J= (0, rO). Taking rO > 0 small enough, we may assume that the mappings 
x+:IxJxS”-=-+ (u C’(YW))\A 
ter 
(6 r, t)++x*(c r, 0 
are diffeomorphic with respective signs as indicated. Let A= (Al,..., An-‘) be 
a local parametrization of SnP2: r = ((A). Then the mappings x* give local 
parametrizations of ( Ur., C(y(l)))\A. 
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Let f(x) be an arbitrary C” function. Then [Z, p. 171 
Pm Y(f)), Vf(x)>lt= r(x)= Ww+). 
In view of (2.14) and (2.18), we have 
4r(ago/ar) + M(x) go = 0. 
From now on we write lim for lim, _ o. 
(2.18) 
(2.19) 
LEMMA 5. The Jacobian determinant 8(x’,..., x”)/a(t, r, Al,..., I”- ‘) is of 
order rne2 as r +O. 
Proof It follows from (2.16) and (2.17) that 
lim g = 4’0) 
at dt’ 
lim g= <‘, (2.20) 
limaxi/aj.~ ayi 
-=axoL. r 
(2.21) 
Hence we have 
lim 
a(xl-.~y rn-2 
w, r, 4 I 
dy’ dy” 
dt ‘“” dt 
> a = I,..., n - 2. (2.22) 
x=r(r) 
Differentiating g&r(t)) <‘<j = 0 with respect to <“, a = 2,..., n, yields 
J<’ gaiti 
$-jG= -2. (2.23) 
From this it easily follows that <’ - (ag’/i3<“) 5” = 0. Since d<l/aA” = 
(&$‘/aga)(aga/aAa), the right-hand side of (2.22) is 
4’ ayl dy” ---- . 
> 
<2.. . &y 
dt ap dt at2 at* ' a = l,..., n - 2. 
z?“” z x = y(l) 
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The second factor is obviously non-vanishing As dy/dt is a time-like vector, 
it s&ices to show that the vector (1, -a<1/a<2,..., -@‘/ag”) is null. But it 
follows from (2.23) that this vector is proportional to (g,<‘,..., g,,J’), which 
is clearly null. (2.20) and (2.21) also imply the following. 
LEMMA 6. 
(2.25) 
where A(t, A) is the determinant in the right-hand side of (2.22) and A;(& A) 
is the cofactor of a<‘faA” in this determinant. 
LEMMA 7. 
limP(x) -=2 go<2!$ 
r ( )I x=y(t) 
Proof Differentiating (2.9) yields 
ad4 -= - 
axi ( 
@iCx) + ul(x) $ 
) 
7 
where 
d2y’ 
-z )I I = T(x) 
Hence we have 
ap - = -!g Qi(X), ar 
(2.26) 
(2.27) 
(2.28) 
because a.$/& .a T/&xi = a Tl& = 0. In view of (2.20) and that 
lim(LJ2r(x, y(t))/&’ ayj) = -2g,(y(t)), we have lim ap/ar = 
2(g~5’(d?l’/dt))l,=,,,,. Clearly lim p(x) = 0, so that the mean value theorem 
gives (2.26). 
Note that ((I,..., 5”) is null and dy/dt is time-like so that 
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(g&‘(dy’/dt))l,=,,,, # 0. Since lim(a2r(x, y(t))/&’ 87’) = -2g,(y(t)) and 
lim(d’f(x, y(t))/ax’&) = 2g,(y(t)), we have 
lim Gii(x) = -2gti(y(t)) z, (2.29) 
. 
* = Y(r) 
(2.30) 
LEMMA 8. lim(M(x) - (2n - 4))/r exists and 
go(x) r(n-2)‘2 = C(t, A) exp 
dr 
> 
(2.31) 
where C( t, A) is a C” function of (t, A). 
Proof. Since (VT(x, y(t)), Vp)I ,= r(rj = 2r(dp/&), we have 
M(x)=(Om y(t))+ PC5 y(t)), w,.r-;g. 
Clearly 
and 
lim 0% y(l))l,= Tc.x) = W(Y(f)) gv(y(t)) 
= 2n, 
lim(VW, I), a>lt= Tcx) = 0. 
Since lim p/r = lim ap/ar, we get lim M(x) = 2n - 4. (2.26) and (2.28) imply 
that lim a2p/ar2 and lim(a/dr)(r/p) exist, so that lim aM(x)/dr exists. Hence 
by the mean value theorem lim(M(x) - (2n-4))/r exists. (2.31) follows at 
once from (2.19). 
3. PROOF OF THEOREM 1 
We first prove only if part of the theorem. Let us assume that Eq. (1.1) 
has a family of outgoing spherical waves of order N in the form (1.2). We 
take the x’ axis as the time-like curve A with the parameter t = x1 and con- 
sider the forward Cauchy problem with a space-like initial hypersurface S 
and the initial data 
uO(x)= f giCx) W(Npi’(T(X))lS, (3.1) 
i=O 
q(x)=; ,i g,(x) bvNpi) Tx)) ( I=0 (( )I s’ (3.2) 
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where we denote normal differentiation with respect to S by a/& and T(x) 
is the abbreviated form of T-(x). Put Sn ,4 = {(xi, 0, 0, 0)} and fix xi = 
(xi, 0, 0, 0), i= 0, 2, 3, with xi <xi <xi < xh such that J+(x) n SC 
D-(x,)nS for any x=(x ‘, 0, 0, 0) with xi 5 x1 5xX:. Define W(x’) = 
Wa(x’), 6 > 0, as follows. 
1 
0 x1 5 xi, 
W,(x’) = exp(bx’) . Z(x’) I x+x <xi, 
0 x; 5 x1, 
where Z(x’) E exp(((x’ -x:)(x’ - xi)))‘). Note that, from the definition of 
Wa(xl), the supports of the initial data U,,(X) and ur(x) are contained in 
J’(x3)\D+(xz) n S and that u(xO) = 0, U(X) denoting the solution of the 
Cauchy problem, i.e., U(X) = CjY”=, gi(x) WiNpi)( We first treat the case n 
is even, n = 2m + 2, m 2 1. Let us consider the integral 
I(xo)=/R (go(x) V’( x03 xl Z(T(x))N*VT), (3.3) 
where R = (J+(x,)\D+(x,)) n S. Let (t, r, A) be as defined before Lemma 5. 
We assume that S is defined by the equation r = d(t, A) and denote the 
domain ((?,A): x:stsx:} by D. Then 
4x0) = 5, go(x) Jlg(t, d(t, A)> AlI Uxo, x) dt dA 
where x = x(t, &t, A), A), g(t, r, A) = det( gti(x( t, r, A))) . (8(x’ . . . x”)/ 
a(t, r, A))2 and L(x,, x)- V+(x,, x) Z(T(x))(VT, V(&r)). Note that 
from (2.8) it follows (VT, V(#-r)) = -2r/p ~0. Now suppose that Eq. 
(1.1) is not Huygens, so that V+ (x0, x) # 0. We assert Z(x,) # 0 for suitably 
chosen x2, xj, and S. We may assume that the integrand of Z(xo) has a 
definite sign on some subdomain Do c D. Consider a family of space-like 
hypersurfaces 
ST= (r=&(t, A)), 0 5 z 5 To, 
where qS,(t, A) = qS(t, A) + m(t, A) and E(t, A) is a positive C” function with 
compact support in D,. For the proof of our assertion it will suffice to 
prove dJ,/dTl~ = o # 0, where 
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and &(x0, x) = V+(xO, x) Z(r(x))( -2$,(t, 1)/p). Note first that 
dko(x) J%zi) 
dr 
. L(x,, x) dr dA 
r=b 
dt dA. (3.4) 
r=r#l 
It follows from Lemma 5 and (2.31) that g,(x) Jm is of order 
r ni2 - ’ as r -+ 0 and that d( g,(x) Jmi)/dr is of order r”/*- 2. Note 
also that, in view of the definition of D,, d( g,(x) ,/m)/drl,=, has a 
definite sign if r = &t, A) is sufliciently small, (2.26) implies that 
lim L(x,, x) # 0 and lim dL(x,,, x)/drl,=, exists. Therefore taking r = qi(t, I) 
sufficiently small, i.e., xi sufficiently close to xi, the first term of (3.4) 
dominates dJ,/dzl,,,. Hence the proof of our assertion is complete. From 
this, taking xi -xi sufficiently small if necessary, we may assume that the 
integral 
Zt(xo) = Z(t) s,, go(x) v+ (x09 x) - ;y; ‘) dmi dA 
where D, - D n {t = to}, has a definite sign if xi 5 t 5 xi. Since u(xO) = 0, 
we see from (2.3) that 
o=/ * (v+vu-uvv+ +aV+u) (3.5) 
R 
with V+ = V+(x,, x). Therefore substituting (3.1) and (3.2) into (3.5) 
yields 
dN+l [i exp(bt) * Z,(xO) dt = f 6’ 1:’ exp(bt) * Mi(xo, t) dt, 
i=O 
where Mi(xo, t) are implicitly defined functions of (x0, t) by (3.5) and are 
independent of 6. Since Z,(x,) has a definite sign, the coefficient of dN + ’ is 
not zero. Hence letting 6 -+ 00 yields a contradiction, which completes the 
proof for even n. 
The proof for odd n is similar using (2.4) with Z’f dropped, and will be 
omitted. 
Newt we prove if part of the theorem. Let us fix an arbitrary time-like 
curve A: x = y(t). Suppose that Eq. (1.1) has the following fundamental 
solution: 
G+k r(I))=& 
m-l 
hgo u/s-% Y(t)) 6 + (m-h-l)(z-(X, y(t))) 
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with m = (n - 2)/2. Let f(x) b e a C” function with compact support such 
that suppfn A = d. Then differentiating the integral in (2.1) and letting 
E + 0, we easily see that there exists a linear partial differential operator 
Ph(x, y(t)) of order h and whose coefficients are the functions of y(t) and x 
such that 
vwx~ l4t))Mx)) = i;,,=, P/k Y(t))(f(x)) P?-(X)9 (3.6) 
where ,+(x) is a Leray form defined by 0(x) A ,+(x) = p(x). Note that 
pu,= (~~(x)/~w~ Y(t)))l,= T(x) Pr 
on C’(r(t))\r(t). Sincef(r(t)) = 0, we have 
(3.7) 
0 = (P(G + (x7 ~(t)))J(x)) 
= (G+k y(f)), ‘P(f(x))) 
= ;:I Lx, = I Pm-h-lb, y(t)NU,(x, ~(t))'P(f(x)))~Ax), (3.8) 
where 'P denotes the adjoint differential operator of P. Let Q, -h- 1(x) 
denote the differential operator 
Multiplying (3.8) by an arbitrary C” function W(t) and integrating on /i 
give 
WT(x)) Qm-h- ,(x)(‘P(f(x)) PAXI dl 
= mfl j ~(~(x))(Q,~h-,(~))(~P(f(x)))~(x). 
h=O 
Hence 
m-1 
4x)= c IQ,-,-l(x)(WW))) (3.9) 
h=O 
is a solution of (1.1). Let g,(x) be defined by 
m-l m-1 
h;. ‘Qm-,-l(x)(WT(x)))= h;ogh4 w’“-‘-YW)). 
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We show that go(x) = U,(x, y(T(x))) p(x)-” ~0. Note first that g,,(x) 
is the coefficient of Iv’“- “(T(X)) in (-l)“-‘[P,-,(x,y(r)). 
w~(x)L.x,. Hence in view of (2.1), (3.6), and (3.7), we have 
g,(x)= U,(x, Y(W))) (a;;;2r,)l,_,,,)“. 
But (2.8) implies that ar(x)/aZ(x, y(t))l,= T(Xj = l/p(x), which completes 
the proof of Theorem 1. 
4. PROOF OF THEOREM 2 
We assume that n is even, n = 2m + 2, m >= 1, and that Eq. (1.1) is 
Huygens. Hence U,(x, y( T(x))) p-“, being the coefficient of IV’“- ‘)( T(x)) 
in (3.9), satisfies (2.19). Suppose that Eq. (1.1) has a family of outgoing 
spherical waves of order zero: U(X) =g,(x) W(T(x)) issuing from some 
time-like curve ,4: x = y(t), t E I. Let (t, r, A) be as defined before Lemma 5. 
Put 
h(x)= pm Uo(-? Y(e))) go(x). (4.1) 
Then afo/&=O because g,,(x) and U,Jx, y(T(x))) pern satisfy (2.19), so we 
may and shall consider f0 as a function on Z x S” - *. Since P( g,) = 0, we get 
p 
( 
Uoh Y(T(X))) 
Pm ) 
f  
0 
+ P(f ) Uo(x, Y(e))) + Q(x) = o 
0 
Pm 
9 (4.2) 
where 
Qcx, ~ 2 v  Udx, y(T(x))), Vf 
( Pm 
0 
> 
- bg 
0, 
We multiply (4.2) by pm+* and let r + 0. First we prove 
lim pm+2 afo Q(x) = ca w’ c1 = l,..., n - 2, (4.3) 
where ca = c”(t, A) are C” functions of (t, A). It follows from (2.8) that 
2raf, =-- 
P ar 
= 0. (4.4) 
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This implies that 
lim ~(Vudx, Y(T(x))), Vfo) = 0. 
Therefore it suffices to consider lim p(Vp, VfO). It follows from (2.27) and 
(4.4) that p(Vp, Vfo) = (@, pV&), denoting the vector (Qr,..., @‘,) by @. 
Since a/axi = (&/8x’)(@?t) + (ar/a~~)(~?/ar) + (LJAa/axi)(8/aAa), (2.24) and 
(2.25) imply that lim pV is a differential operator in the form (4.3), so we 
get (4.3). 
Next (2.24) and (2.25) imply also that 
(4.5) 
Note that (hxB) is negative definite because any linear combination of the 
vectors lim p(aA’/&x’) is space-like. 
Finally we shall prove 
lim pM + 2P ~O(X> Y(W))) 
Pm 
(4.6) 
Differentiating (2.8) yields 
a2u4 Y(r)) 
a.d ax’ ,~T(x)+@i(x)g=~g+p~. ad a9 (4.7) 
From this it is readily seen that 
lim p’g” 
a2T 
-=o. 
ax’ axI 
Therefore, noting that lim U,(x, y( T(x))) = 1 as U,,(y(t), y(t)) = 1, we get 
limpmC2 P uo(x, Y(W))) 
P” > 
=limp m+ZO 1 
Pm 
=(-m)lim pg” 
( 
&-(m+lKvPJP)). 
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We first assert that 
lim(Vp,Vp)=-4 (4.8) 
It follows from (2.13) and (2.27) that 
limPp,Vp)=4 -2lim(!P(@,VT)). 
x=y(t) 
Recall (2.29) and (2.30) which give 
lim(@, VT) = -2 lim 
=- 2. 
So we get (4.8). It remains to prove 
Differentiating (2.27) yields 
(4.10) 
Since lim p(aT/ax’)(aY/ihj) = lim p(&DJdxj) = 0, we have 
2 
limp@&= 
By (4.7) we get 
lim pgO& 
a2m 24t)) 
= lim gY axi axj + lim(@, VT) - lim(Vp, VT) 
I = T(x) 
= 2(2m + 2) - 2 - 2 
= 4m, 
which proves (4.9) and consequently (4.6). 
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Substituting (4.3), (4.5), and (4.6) into (4.2) yields 
Now suppose that n = 2m + 2 3 6. Then, since (h@) is negative definite and 
4m(m- 1)(&/d& dy/dt)I,=,,,,>O, we get fo-0 (cf., e.g., [l, p. 321]), a 
contradiction. 
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